basic properties of the integers

axiomatic definition on N:

the smallest set M, together with a special element zero and an injective
mapping (the successor function) s : M — M such that zero & s(M)

this set M is unique “up to isomorphism” and looks like
M = {ze,ro, one, two, three, four, .. }
where

one

s(zero)
two = s(one) = s(s(zero))

three = s(two) = s(s(one)) = s(s(s(zero)))

etc
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definition of the arithmetic operations by primitive recursion
e addition add : N x N — N e order relation on N
add(m, zero) :=m m<n := 3Ja€Nadd(m,a)=n

add(m, s(n)) := s(add(m,n))
e multiplication mult : N x N — N

mult(m, zero) := zero

mult(m, s(n)) := add(mult(m,n), m)
e exponentiation exp: N x N — N

exp(m, zero) := s(zero)

exp(m, s(n)) := mult(exp(m,n),m)

properties of N like
e addition is associative, commutative, cancellative, has zero as neutral element

e multiplication is associative, commutative, cancellative on N, has one as
neutral element and zero as absorbing element

e usual properties of exponentiation
e < is a well-ordering of N

are independent of any concrete realization on N




there are many different realizations of N and its operations (“numbering
systems” ) — the most frequent ones are “positional numbering systems”, in
particular systems with a fixed base (“radix")

Theorem: let 3 be a positive integer > 1 (the base), Ag ={0,1,2,...,5—1}
the set of base--digits.

For each k& € N the mapping

k—1
(ag—1,...,a1,a0) = ag + a1+ ...+ ap_185 " = Z aj 3
(ak—1,---,00)3 Jj=0
is an order-preserving bijection between A’; and {0,1,2,.... 8% — 1}

Corollary: Each positive integer a € N has a unique base-(3-representation

a={ag_1...a1a0)3
where ap 1 #0 (< 31 <a<pgF)
The base--representation of 0 is (0)
This is a canonical representation for natural numbers

Often “leading zeros” are tolerable
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representation of negative integers
— the signature of an integer is the following “division property” is the most important property of the integers
1 ifa>0 Theorem: given integers a,b, where b > 2, there exist uniquely
sgn(a) == {0 T determined integers ¢, such that

-1 ifa<0
so that a € Z can be uniquely represented in base-/3 by
(sgn(a),ar—1...ao)
where |a| = (ag—1 ... a0)s.

— as an alternative, one may use positive and negative digits in a positional
representation

a=b-qg+r and 0<r<b
q is the quotient and r is the remainder of the division of a by b
notation: ¢ = a div b = iquo(a,b), r = a mod b = irem(a, b)

obviously (for positive a) :

a= {ag—1...a100)p < q={ak_1-..a1)p,7 = ag




divisibility and primes
— divisibility in a ring R

fora,be R : bla ("adividesd') < 3dceR:b-c=a

divisibility in Z
bla < amodb=0

primes

p € PRIM & p>2A(alp=a==+1Va==tp)

there are infinitely many primes (EUCLID)

Prim = {2,3,5,7,11,13,17,19,23, ...}

consequences of the division property of Z

e 7 is a principal ideal domain:

— if H is any subgroup (an ideal) of the group (the ring) Z, then there
exists a d € N such that

H=d-Z={d-n;nel}

i.e., the sets d - Z with d € N are precisely the subgroups (ideals) of the
additive group (ring) Z
— the quotient rings Z, := Z/(d - Z) for n € Z are
(up to isomorphism) the only homomorphic images
of the ring Z
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e gcd's and and lem's

possible definition for the greatest common divisor d = gcd(a, b) of two
integers a, b (not both equal to 0):

—d=max{n €Z;nlaAn|b}
d>0,d|a,d|band claNc|b=c|d

—d=min{a-s+b-t>0;s,t€Z}
d>0andd-Z={a-s+b-t;s8,t€Z}=a-Z+b-Z

notation: a L b < ged(a,b) =1 (a and b are “relatively prime”)

definition of least common multiple

a-7ZNb-Z=1lem(a,b)-Z

properties of the gcd
ged(a,b) = ged(b, a)
ged(a,b) =a < alb gcd(a,0) =a
a/ged(a,b) L b/ged(a,b)
ged(a,b) = ged(bya —b- q)

ged(a, ged(b, ¢)) = ged(ged(a,b), c)

ged(m - a,m-b) =m - ged(a,b)

properties of gcd related to relative primeness

alb = gedla,b-c)=gcd(a,c) albalb-c = alc
albalc= alb-c
alb = a" Lb" (n,m>1)

albale,ble =a-blc
alb = (a"|b-cead|c)
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definition of multiplicities for a > 2:
Vg(n) :=max{m e N;a™|n}
p € PRiM,p|b-c,p JO = plc
alb = vu(b-c)=r4c)

pePRIM,a=p"-b: m=v,(a) & pLb
pEePRIM = (1,(b-c)=1r,(b)+1p(c))

properties of [cm follow from

ged(a,b) - lem(a,b) =a-b

e solvability of linear diophantine equations —Bézout's identity

for a,b,c € Z with (a,b) # (0,0) it holds that
Ju,veZ : a-ut+b-v=c < gcd(a,b)|c

and if the condition is satisfied, then all integer solutions of

a-x+b-y=c
are given by
C(s ) (ha) (keD)
d d @

where s,t are Bézout coefficients for (a,b) and d = ged(a,b), i.e.,
a-s+b-t=d
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e 7 is a factorial ring (or unique factorization domain)
(existence and uniqueness of prime factorization)
e prime factorization and ged/lcm
— existence: For
= vp(n) Br B B
n= H pr a‘:p(lH '])(212"’[)5:1, ) b:pll 'p22”‘p’m,
pePRIM . . )
) with primes p; < pa < ... < p,, and exponents o, 3; > 0, one has
— uniqueness:

n = H p*? = Vpe& PRIM : oy = Vp(n)
pePRIM

— canonical factorization for n € N,

"1

a =Py

2 QX

D2 Pmy

where p; < p2 < ... < p,, are primes and oy, ...q,, € Ni

alb & Vi:o <p

y _, min(a,61) min(az,B2) _min(am,Bm

ng(aa b) = D P - P ( )
max (a1, max (s, 5 c

l(;m(awb) = p) (1) 1)p2 (r2,82) lr;;lX(umﬂm)
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