homomorphisms and modular arithmetic

arithmetic in Z and Z,,
— congruence “modulo n" in Z
let n € N,n > 1, for u,v € Z define

def
u=vmodn <= wu—vmodn=2~0

= nlu—v

— properties of congruence

— = mod n is an equivalence relation on Z

— = mod n is compatible with addition and multiplication

u =v modn u+v =v+v modn

u' = modn u-u=v-vmodn

— definition of Z,,
notation
[u], = {v € Z;u = v mod n}

(residue classes mod n)

Ly :={|ulpn;neZ}={[0]., 1, ...

becomes a ring by defining

, [n— 1]}

— canonical homomorphism
Z— Ly :ur [u]y,
system of representatives {0,1,...,n— 1}

addition : (u,v) — wu+ovmodn

multiplication : (u,v) +— u - v modn

— the rings Z,, are the only homomorphic images of Z !




group of units modulo n

— existence of inverses and computing inverses .
notation:

w € Zy, invertible <= FveEZ,:u-v=1modn the set of invertible elements of a ring R is a group,
called the group of units of R, denoted by U(R)

— eZ,IkcZ:u-v=1+k-n ) i
write U, instead of U(Z,,)

<— WweZ,FkeZ :u-v—k-n=1
— ged(u,n) =1 U, ={u€Z,;gcd(u,n) =1}

so that #U,, = ¢(n), where

— computation uses extended Euclidean algorithm! é(n) = H (p;w 7p;7¢1‘—1) —n. H 1 — 1)

. pln,p prime
uw-v—Fk-n=1 means: v=u"' mod n ;>0 ’

(EULER's ¢- function)

LAGRANGE's theorem:

for any finite group GG and any subgroup H of G one has #H | #G

Zy is a field <= all 0 # u € Z,, are invertible
for any finite group GG and any element x € GG there is a minimal positive number
— U, =7,\{0} b - . . . .
. . k such that 2" is the neutral element if G; this is the cardinality of the cyclic
= mnis a prime number subgroup generated by » — called the order of z in G. By LAGRANGE's
— o¢(n)=n-1 theorem, this number must divide #G.

take in particular G = U,, and = € U,,, then this number is called the order of x
modulo n, written as ord,,(x). This is the least natural number k such that
2F =1 modn




an immediate consequence is EULER's theorem
for b € Z,n € N,n > 1 with gcd(b,n) = 1 one has

p*™) =1 modn

and in particular also FERMAT's theorem

for any prime number p and b % 0 mod p one has

¥~ !=1 modp

the Chinese remainder theorem (simplest version)
— p,q positive integers with gcd(p,q) =1
— u, v Bézout coefficients for p,q : u-p+v-qg=1
— for integers b, ¢ the number x =c-u-p+b- v - q satisfies

r=b modp and x=c¢ modq

— uniqueness: any other integer y with y =b mod p and y =c¢ mod ¢
satisfies y = = mod n
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Chinese remainder theorem for multiple moduli

- my,Mma, ..., m, pairwise relatively prime positive integers,
M=mq-...-m,

— u;,v; Bézout coefficients for m; and M /m; :

w; - m; + v - (M/m;) =1

— for integers ¢y, ca, ..., c, the number
T = Z ci v - (M/m;)
1<i<lr
satisfies

r=¢ modm; (1<i<r)

— uniqueness: any other integer y with = = ¢; mod m; (1 < i <r) satisfies
y=x mod M

the main point in the construction is the fact that the
ei:=v; - (M/m;) (1<i<n)

have the property

1 mod m;

€;
0 mod m; fori#j

this resembles closely the familiar idea of LAGRANGE interpolation
— this is not an accident!!
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the algebraic version of the Chinese remainder theorem

Theorem: let my,...,m, be numbers that are mutually relatively prime, i.e.,
ged(mi,mj) =1 (i # j),
let M =mq-...-m,,

then the following mapping is a bijection
© 2 Lag = Loy X oo X Ly, 2z (2 mod my,...,x mod m,)

and is indeed an isomorphism of rings

consequence: @ is an isomorphism of groups:

o Uy = Up, X...xUpy, : x+— (xmodmy,..., x mod m,.)

consequence: let n = pi'p5? - ... denote the prime factorization of 7, then

Ly = HZp?f (isomorphism of rings)
i>1

1%

U, H Uyei (isomorphism of groups)

i>1
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the Chinese remainder theorem for arbitrary moduli
— for positive integers p, ¢ there is an isomorphism of rings
the scheme of modular arithmetic
Zp X Zq = Zgr:d(p,q) X Zlcm,(p.q)
Zj\,[ — Z'nu X ... X Zmr
— corollary: bisnn baon=n oo bpwa-n
each finite abelian group Z,,, X Zy,, X ... X Z,y,, is isomorphic to precisely Tt ot Ly X oo X Lo,
one group of type
Ly X Ly X ... X ZLg, note: ¢ is an “evaluation map" and ¢! is an “interpolation map”.
where 2 < d; |dy ... |dy (the elementary divisors)
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