gcd and Euclid’s algorithm for integers

Euclid's algorithm relies on the idea

gcd(a,0) =a for a # 0
gcd(a,b) = ged(bya — g - b) for any ¢ € Z

input: a,b integers, not both =0
output: gcd(a,b)
a:=a,B:=0b
while 8 # 0 do
(o, ) := (B, rem 3) od
end while
return(«)

schematic execution (standard form) of Euclid’s algorithm

apg = a
ap = b
ay = ai-qo+as (g0 € 2,0 < ay < ay)
ay = az-qr+as (1 €Ny,0< a3 <ay)
Ap—2 = Ap—1 " 4n—2 + ay (q”—Q S N+a 0< an < an—l)
(p—1 = Qp " Qdn-1 ((J'nfl > 2>an+'l = 0)
(90,q1,92,---,qn—1) : sequence of quotients
(ag,a1,as,...,a,,0) : sequence of remainders

e termination

ag > ap >ag > - > ay > ape1 = 0 for somen > 1

® correctness
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e The “cost” of Euclid’s algorithm
The following is perhaps the first nontrivial result in history about the
complexity of an algorithm
Theorem(Lamé, 1845)
Let a,b € N and let the Euclidean algorithm for (a,b) perform n division

This gives as a consequence

Corollary: let a,b € N and a > b, then the number of steps in the Euclidean
algorithm for a, b is < 4.8 - log;(a) + 2

steps. Then This follows from the known asymptotic behaviour of the sequence of Fibonacci
numbers
az Fn"H’ b 2 Fn qbn«H o qger
where the F; are the Fibonacci numbers. Fn = NG
The proof is by an easy induction for the assertion a,,_; > F; where
i=0: > 1= ) 1++V5 ) ~ 1—+5
i=0:an 21=F b= 2\[ (~1.61803...) &= 2‘[ (~ —0.61803...)
i:12a71717a71(]” leFl
1220y = Qpit1qn—it1 T An—it2 = Fi 1+ Fi o = F; ¢ = the golden ratio
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A variant proof
Starting with a = ag > a1 = b we get
Euclid’s algorithm with input (a,b) = (ao, by) gives us & o= g
corresponding to the sequence , nt i i 0+ G
g 277,+l S n H((], + 1) < a H a; S Qg QAp,
i—0 Ap+1 Ai+2 az -« An4+1 n41

a; = aiy1- ¢+ a2 (0<i<n)
of division steps a quotient sequence qo, q1, - - ., ¢, With
¢ >1 (0<i<n) and g, >?2

We have

aiv2 - (gi+1) < aip1- ¢+ a2 =a; (0<i<n)
and thus

gi+1<aj/aira (0<i<n) and ¢, =an/ant1 -

ao a a 2
- o é ( I )
(pt1 Gntl ged(a, b)

e Theorem : For a,b € N the computation of gcd(a,b) needs at most
|2 - logymax(a,b)] + 1 mod operations

(this is linear in problem size!)




A closer look reveals: let Lz(a) denote the size (length) of a in
base-(3-representation, then each division step a; = a;+1 - ¢; + a;42 needs
Lg(ait1) - Lg(q;) operations in [F-arithmetic.

The total amount of work measured in S-operations

for Euclid’s algorithms executed on input (a,b) is

> Lslair) - Ly(a:)
i=0

and this is (again assume a > b) less than

Lﬂ(al) : <”z_: L;’i((]i + 1) + LB(QN))

the extended algorithm

leta>b>0
fori=0,1,2,... define 'V = (s;,4;,a;) € Z° and ¢; € N by

a® = (1,0,a)

aM :=(0,1,b)

=1

while a; # 0 do
qi—1 ‘= Laifl/aij

i=0
n—1 a<'+l) = a(lv’_1> — Qifl . a(’)
~ Lp®) Lp(gn- [J (@ +1) =it
=0 end while
< 2L(0) - (Ly(a) — Ly(ged(a,b)) + 1)
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note that
al 0 1 0 1 1 0 a
To verify properties of the extended Euclidean algorithm write it as oD 1~ T, 01 b
a = (a1, as,a3) = (1,0,a)
B = (b1, Ba, B3) := (0,1,b) for 0 < i < n; hence
while 3 # 0 do a
« 0
q = az div (3 =
B ) 0

« 0 1 «

end while
(s,t,d) = (a1, a9, as)

is a loop invariant. Writing again: ") = (s;,t;, a;)
sira+ti-b=a; for0<i<n+1
Hence the Bézout relation

Sn a4ty b=a, = gcd(a,b)
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Euclid's algorithm is intimately related to a computational technique that goes

Euclid's algorithm means iterated long division, hence

a = Gk+1 - qr + 542 (0 <k< n)

back to antiquity (Aristarch and Archimedes apparently have used it) - the leads to
technique of continued fraction expansion of real numbers. a 1
— =qy +
To see the connection, write the usual divisibility relation as b 1 1
1 n 1
a
b =9t G2+ ———
(%) o
1
dn—2 +
qn—1
= [qO q1,492,- - - ',qu,—l]
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the procedure for generating this continued fraction can be carried out (in
principle) for any real number; this is the continued fraction algorithm ) ) ) ) )
This algorithm produces a “simple continued fraction”
input: z € R s .
output: a finite or infinite sequence qq, q1, g2, . . . of integers o if it terminates
where qo € 7 and q; € N+, (L > 1) 1
. = 1[q0;q1,92, 90+ - - - s qn) = Qo +
i:=0 1
To =T Q@+ 1
qo == | o] q2 +
while q; # ZT; do
Ti41 = 1/(lz — (ji) + 1
=1 + 1 qn—1 .
((]jl :hILIIJ where ¢; > 1 (1 <i<mn)and g, > 2
end while
STOP
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e if it does not terminate

xr = [(IO§(]1:(]2,Qo,...,an :q0+
q+—
Q@+ —

where ¢; > 1 (i > 1)

basic facts
e ecach = € R has a unique repn. as a simple continued fraction

e the algorithm terminates if and only if x € Q —

precisely: if = a/b and if (g0, 41,92, ..,¢n—-1) is the sequence of quotients
in Euclid’s algorithm for (a,b), then the algorithm produces
[90:G1. 42 - gn—1]. for example

180

= = [1;4,3,2,2

146 [ 2,2

moreover: erasing the last element of this representation gives the continued
fraction representation of the quotient of the Bézout coefficients

37
[1;4,3,2] = 55 and (~30) - 180 + 37 146 = 2 = ged(180, 146)
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e the algorithm eventually runs into a periodic loop if and only if x satisfies a
nontrivial quadratic equation az? + bx + ¢ = 0, for example,
V3=1[1;1,2,1,2,1,2,1,2,.. ]

1++5
2

=[1;1,1,1,1,1,1,...]

e if x is not rational and not a quadratic irrational, then there are (few) cases
where the algorithm produces a nice pattern, like

To study properties of the continued fraction expansion in detail, write

1

[@o; @1, ..., 2n] = 20 +
T +
Za +
1

Tn—1 + -
L,

e=2.71828...=[2:1,2,1,1,4,1,1,6,1,1,8,1,1,10,.. ] where the z; are now variables, as a fraction in the usual way, then
and many cases where apparently no regular structure emerges, like [20; @1, o, ..., ] = Qnt1(20,- - Tn)
Qn(x1,...,: r)
7 =3.14159... = [3:;7,15,1,292,1,1,1,2,1,3,14,2, 11, .. ]
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where the polynomials Q,,(zo, z1,...,2,—1), called continuants, are defined by

Qo() =1
Ql(iL'o) = 2o
Qa2(z0, 1) :=x021 + 1
Qna1 (o, 21, Tn) = Xy Qu(To, -+ Tp—1) + Qun_1(z0, .., Tn_2)

Note that

(the n-th FIBONACCI number)

After executing k division steps in Euclid's algorithm one has

az = (-1 Qr_1(qo, - qu—2)
Br=(=D""Qrr(qr, - qk1) Bo = (—1)* Qr(qo, -, qu_1)

and in particular the Bézout coefficients are given by

a Qn-‘rl (qO: qi;-- -, qn)

b (gn(qla-‘-a(Jn)
is the reduced representation of the rational number a/b.
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The major interest for continued fraction expansions comes from their extremely
good approximation properties

Intuitively: if x € R and if
T = [q05q1,92,43; - - -]

is the (finite or infinite) continued fraction expansion, then one can expect the
chopping the expansion by setting

™ = [q01q1, 92,43, - - - » @]

gives a (rational) number (") that is “close” to .

conversely: if 2 and y are real numbers that are “close”, then one may hope that
their continued fraction expansion agrees in many “digits”

attention: this statement is NOT true in general (of course!)

but something similar IS true:

if © <y < z are real numbers such that the “digits” of the continued
fraction expansion for = and for z agree in the first n positions, then
those of y also agree with these in the first n positions — this
observation leads to D. LEHMER's “fast” Euclidean algorithm
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If [g0; q1,92,qs,-..] is the continued fraction expansion of some x € R, then the
rational numbers
™ = (g1 41,003, - av] = 2 (N > 0)
QN
where
Py =Qn+1(90,q1,---,9n) Qn =Qn(q1,92,---,9N)
are the convergents of x.

One expects

lim ™) =z
N—o00

so that the notation
T = [qo; q1, 42, 43, - -]

would be justified

examples

e Aristarch uses

13 [1,6,6] = 1.162162162
37 = [1,6.6] =1L
as an approximation for
71755875
% =11,6,6,4,1,2,1,2,1,6] = 1.162311393.. ..
61735500

e Archimedes uses

1
3+ 7—(1) = [3,7,10] = 3.14085070 . ..

as an approximation for

T =1[3,7,15,1,292,1,1,2,1,3,.. ] = 3.1415926535 . ..
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e the convergents of the “golden ratio” e the convergents of e = [2;1,2,1,1,4,1,1,6,1,1,8,1,1,... = 2.7182818.....
¢ =155 —[1;1,1,1,1,1,1,1,.. ] = 1.618033989 ... are are
»© = =1 e = 2] =2
oM =[1;1] =2/1 =2 e =1[2,1=3/1=3
¢ =[1;1,11=3/2=15 e® =1[2:1,2] = 8/3 = 2.666...

o) = [1; 1,1,1] =5/3 = 1.666 . ..

1;1,1,1,1,1] = 13/8 = 1.625
1;1,1,1,1,1,1] = 21/13 = 1.65384615 . ..
1:1,1,1,1,1,1,1] = 34/21 = 1.619047619 . ..

[
[
[
[
oM =1[1;1,1,1,1] =8/5=1.6
[
[
[
¢ =1[1;1,1,1,1,1,1,1,1] = 55/34 = 1.617647059 . ..

e® =1[2:1,2,1] =11/4=2.75

5) _

e® =12;1,2,1,1,4] = 87/32 = 2.71875

e® =12;1,2,1,1,4,1] = 106/39 = 2.7179487 . ..

oM —

[
[
[
[
e® =1(2:1,2,1,1] = 19/7 = 2.7142875 . ...
[
[
[2:1,2,1,1,4,1,1] = 193/71 = 2.7183098 . ...
[

o®) —

2:1,2,1,1,4,1,1,6] = 1264/465 = 2.7182795 . ..
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By the definition of the ()-polynomials:

distance between successive convergents

Pn+1 Pn P Pn 1 dn+1 1 ( )
= = Prl+l Pn, -1)"
Quit Qn Qu Qu 0 g g - ZEL_ Sn T
o " " " (JnJrl (Jn an (QnJrl
_ [ o 1 Int1 1 convergence
1 0 1 0 1 0 N1
P, ]
(N) — IN _ (n+1) _ ..(n)
by taking the determinant ’ Qn To) + Z) . v
-
Pn+'l Qn — Qn+1 P, = (_1)’” =qo+ Z 0 5)” N;C;O x
hence n—0 n WYn41
QCd(Pan) =1
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there is a fundamental difference how rational and irrational numbers can be
approximated by rational numbers
o for rational input e & € Q = there are only finitely many different rational numbers p/q such
JNeN : z=z™
that
e speed of convergence for irrational = _Pl %
q q
(N) Py 1 . . .
‘ r—x ‘ =|x— On < o forall N >0 e & & Q = there are infinitely many rational numbers p/q such that
N N
' 1
q q
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very good approximating rational numbers occur as convergents:

if p/q is a rational number such that

“continuity” of the continued fraction expansion
write

z=190;91,92,93, -] = [Q0:q1, 92, - - -, qn—1,Gn, A|
where 1 < A € R and

1
,77—]2 < —= /\:[Qn+la(bz,+2e-~-]
ql  2¢?
s Then
then p/q = ") for some N € N AP, + Py <Pn P,_1+P, )
r=—— —_—
A Qn + anl Qn ' Q'nfl + Qn,
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LEHMER's “fast” Euclidean algorithm
e the basic idea
assume that a, b are very big numbers, a,b are small numbers such that
and conversely: for any fixed qo, q1, ..., g, the mapping a &
A}—)n“i’Pnfl gwg
A 0. <0 . .
Qn + Qn— then the sequence of quotients produced by FA(a,b) and by EA(a,b) will be
. . P, P,_1+P, . the same in the beginning — as long as this holds one may compute
is a bijection from (1,00) onto | —, ——— |, i.e,, oA e .
Qn Qn_1+Qn EA(a,b) instead of EA(a,b), which is much more economical
PTL PTL* PTL 9 Pn, i i i i
for all £ € ( ’ 1+ > one has 5(,,,) _ e making this idea a bit more concrete
Qn Qn-1+Qn ‘n take the following approximations
g app
a—a=la/™| b—b=|b/3"]
by taking the most significant §-digits of a and b
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e check that

a a a+1

= < =< =

b+1 b b
and also

a a a-+1

= < = < =

b+1 b b

so that one can state

as long as the quotient sequences of EA(d, b+ 1) and EA(a + 1,b)
coincide, they also coincide with the quotient sequences of both
EA(a,b) and EA(a,b)

it can be checked how long the quotient sequences of EA(a, b+ 1) and
EA(a+1, 3) by computing just the quotient sequence of E'A(a, 8)

let @ = (a1, o.cx3) and B = (f1, B2.03) be the vectors that are iteratively
updated in the extended Euclidean algorithm for E'A(a,b) — assume that
coincidence of the quotient sequences for EA(a,b+ 1) and FA(a+ 1,b) has been
checked up to a certain stage, then the next quotients will be

(5] + Q3
B1 + B3
Qs

15,

| for EA(a,b+1)

for EA(a,b)

9 + Q3

Lﬁg + 83

| for EA(a + 1,b)
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e LEHMER's algorithm
algorithm: /ehmergcd
input: a,b e N
output: ged(a,b)
if a < b then
return(lehmergced(b, a))
end if
if b < [ then
return(iged(a, b))
end if
lehmergced(lehmerstep(a, b))

algorithm /ehmerstep
m = Lg(a)
a:=a div [3"";?) = b div g™
o = (1,0,a); 8 := (0,1,b)
while not 31 + 2 =0 or 81 + 33 =0 do

¢:= 555, )
B oot
break

end if

o) 0 1 a
B8 1 —q) \B
end while
if oz = 0 then
return(b, irem(a, b))
else

return(ar - a4+ ag - b,f1-a+ B2+ b)
end if
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