CS51: Models of Computation

Lecture 9

Integer Multiplication




Review

= Topics covered last time:
— Integer addition
— carry lookahead addition
— standard integer multiplication

— carry-save addition of three vectors:
sums are saved In one vector, carries
are saved In another

— carry-save multiplication
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= Review of carry-save multiplication

- Divide-and-conquer integer multiplication

= Integer multiplication via exponent addition

Today’s Topics
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Standard Integer Multiplication

= Integers represented in binary:

n—-1 i n-1 jD
aulz > uiZDHvlz > ijD
Ol i =0 OO0 iZo O

= Integer product — standard algorithm:
Mm-1n-1 i+j%

|u||v|=DZ > U.v.2
H%0jS0 ' O
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Integer Product

@—1n—1
lullv| = DY Z uiVj2
HZ0j=0
26 2 24 23 22
V3 Ug Vo Ug
V3 U Vo Uy Vi Up
V3 Uy Vo Uy Vi U Vo Uo
V3 Uz V, Usg Vy Uy Vo U3 0

= Integer product — standard algorithm:
i +j%

[

V1 Ug

VoUq

- Standard algorithm adds first row to
second, adds result to third, etc.

- Even with fast carry lookahead addition
requires size O(n?) and depth O(n log, n).
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Carry-Save Addition

« Gilven three binary numbers, u, v, and w,
add them, placing the sum bits in s and the
carry bits (shifted by one place) in c. Thus,

lcl + Bl = p| + M| + W
E.Q. u= 101
v= 110
w= 111 #1's In col
s= 100 2 1 0
i,
c= 1110 3 2 2

= The vectors s and c can be computed by a
circuit of Full Adders with size O(n) and
depth O(1).
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Standard Integer Multiplication

@—1n 1 jD
|u||v|—Dz ZUVZ []
= 0j = []
20 2° A 23 22 21 20
V3 UO V2 UO Vl UO VO UO — po
ﬂ] V3Up  Voup Vil Vo 0 = P31
VaUy, Voly  VqU Vg U 0 0 =P>
‘\ //
n-1 n =4 here

« Let pg, Py, ---» Pp-1 D€ these n numbers.

« Add pg, P1; ---» Pn-1 1N groups of three in
parallel using carry-save addition. Each
addition provides an s and a c.
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Carry-Save Multiplication
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» Let m; be the number of tuples at level J.

mo =N
and

mJ =2 |]nj_1/3[|+ n]_l - 3|]nj_1/3|:|: rq_l - |]nj_1/3|:|

« The k for which m, =2 is k = O(log n).
fmpg=9, Mm=6,Mm=4,m=3,m=2andk=2
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Carry-Save Multiplication
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= Depth O(log n) circuit produces two tuples.
Tuple length i1s O(n).

= Add the two tuples with an O(log n) depth
carry lookahead adder. O(n?) gates used.
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Carry-Save Multiplication

« Number of stages s satisfies mg = 2. Since
(x-2)/3 < X/3K x/3, it follows that

(2/3)n< my < (2/3)n + 2

= Thus, s satisfies

LN
log[QD logn
<S< +1
(80 80

- The length of the resultant pair of binary
numbers is 2n-1+s. (The length is increased
by one bit per level.)
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Carry-Save Multiplication

Theorem: Integer multiplication £, ,;; can be realized
by a circuit of size

5n(n-2)+ CGo(fagd
and depth

3s +[b(fadcb-

= Thus, multiplication can be done in time
O(log, n).

« Later we show the size bound can be reduced.
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Divide-and-Conquer Multiplication

- Let n be even.
- Let u and v be n-bit integers.

« Letu = (up, U)) and v = (vy, v|) are divided
Into the lower and upper half of the bits.

Now

ul = il 2V% + juy|
and

V| = Wil 22+ |
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Divide-and-Conquer Multiplication

Thus,
ulvi= ( Hl2Y% Juil ) Vnl 2Y% i)

= Unl Mol 2% (gl Vil + bnl Wil ) 272+ )| |

= | vl 2" +
Cupl Ml + Cvnl = MIDC - bl ) +
u Ml ) 2Y2+ | M|

Note: three productef (n/2)-bit numbersiwo
subtractionsandthree addition®f n-bit numbers.

Additions and subtractions can be done with cirguit
size O(n) and depth O(log n).
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Divide-and-Conquer Multiplication

- Let C(k) and D(k) be size and depth of a
circuit for integer multiplication using this
algorithm when n = oK (k = log, n).

= Then,

C(kk)<3*C(k-1)+c2K
D(k)<D(k-1)+dk

for constants c, d > 0.

= Since C(1) =2 and D(1) = 1, we have the
following bounds:

C(k) < (4c+2)F 1 - 21 = O(rl°9 3)
D(k) < d(k + k-1 + ... + 1) = O(logn)
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Very Fast Integer Multiplication

« Prime number decomposition (PND) of integers:

123456 7 89 10 11
1t 2t 3t 22 5t 2l3t 7t 23 32 215t 11t

= Represent integers by exponents of primes.

E.gQ. 6. 21315979119  =(1, 1, 0, 0, 0)

10 » 2139%517911° =(1, 0, 1, 0, 0)

6*10 = 60 22315170110  =(2, 1,1, 0, 0)
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Very Fast Integer Multiplication

« Ifnin{0,1,...,N-1}, there are log, N[bits in
binary representation. Multiplier depth is
dog,log, NLI

« In PND exponents are less than og, NLJ At
most log,log, N[bits to represent each
exponent.

= Multiply integers by adding their exponents

— Depth is: O(log log (log N))  Wow!

What's wrong with this system?
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Summary

= Review of integer multiplication via carry-
save addition. Circuit size is O(n?) and
depth is O(log n).

- Divide-and-conquer integer multiplication
reduces size to O(n'°9 3) but depth is now
O(log® n). (Note: log, 3 = 1.585.)

= Multiplication using prime number
decomposition is very fast but a poor way to
add numbers.
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